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SOME REMARKS ON DESCENT DATA WITH APPLICATIONS
TO GALOIS DESCENT
CRISTIAN D. GONZA´LEZ-AVILE´S
Abstract. We present a proof of the equivalence of the standard definition of
descent data on schemes with another one mentioned in the literature that involves
certain cartesian diagrams. Using this equivalence, we discuss the Galois descent
of both schemes and morphisms of schemes.
0. Introduction
In this expository paper we present a detailed proof of the equivalence of the
standard definition of descent data on schemes with another one mentioned in the
literature that involves certain cartesian diagrams. See Section 2. To our knowledge,
no detailed proof of this equivalence has appeared in print. As an application, we
provide in Section 3 the missing details of the discussion of Galois descent contained
in [BLR, §6.2, Example B, pp. 139-140]. The subject of Galois descent is discussed
amply in the literature, but mostly over a field. Even when a more general base
scheme is allowed, some important details are omitted (for another example of such
omissions, see [GW, comments after (14.20.1), p. 457]). In Section 4, as an ap-
plication of the detailed discussion of Section 3, we generalize the standard result
on Galois descent for morphisms of schemes over a field [J, Proposition 2.8] to an
arbitrary base scheme. More precisely, we show that, if S ′ → S is a finite Galois
covering of schemes with Galois group Γ and δ : X1 → X2 is an S
′-morphism of
Γ -schemes that descend to S, then δ descends to S if, and only if, δ is invariant
under the action of Γ on morphisms defined by (4.1).
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1. Preliminaries
pre
The identity morphism of an object A of a category will be denoted by 1A.
If S is a scheme, (Sch/S) will denote the category of S-schemes. If X is an
S-scheme, Aut(X/S ) will denote the group of S-automorphisms of X .
Given morphisms of schemes X
f
→ S
g
← T , we will write X×f,S,g T for the fiber
product of f and g. When f and g are not relevant, we will write X ×S T for
X ×f,S,g T . If u : X → Y is an S-morphism of schemes, u ×S T will denote the
T -morphism of schemes u×S 1T : X ×S T → Y ×S T .
Recall that a commutative diagram in a category C
squ (1.1) Z
u
//
v

U
π

V
w
//W
is cartesian if for every commutative diagram of solid arrows in C
full (1.2) T
h
❅
❅
❅
❅
##
$$
Z

// U

V // W
there exists a unique arrow h : T → Z in C such that the full diagram (1.2) com-
mutes. It is easy to check that (1.1) is cartesian if both horizontal arrows u and w
are isomorphisms. Further, if (1.1) is cartesian and ψ : Y
∼
→ Z is an isomorphism
in C , then
squ2 (1.3) Y
u◦ψ
//
v◦ψ

U
π

V
w
//W
is cartesian as well. We will also need the following fact.
ucart Lemma 1.1. If
Zi
gi
//
ei

U

Vi
ki
//W
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is a cartesian square in the category of schemes for every i in some index set, then
the diagram
∐
Zi
∐
gi
//
∐
ei

U
∐
Vi
∐
ki
//W.
is cartesian as well.
Proof. (Sketch) This may be verified by starting with a commutative diagram
T
!!❈
❈
❈
❈ t1
$$
t2
%%
∐
Zi
∐
ei

∐
gi
// U
∐
Vi
∐
ki
// W
and considering, for every j, the commutative diagram
T ×∐Vi Vj
∃!hj $$■
■■
■■
■■
■■
■
t1 ◦pr1
$$
t2×
∐
Vi
1Vj
((
Zj
ej

gj
// U

Vj
kj
// W.

For more information on fiber products and coproducts of schemes and cartesian
diagrams, see [EGA Inew , Chapter 0, §1.2, and Chapter I, §3.1].
2. Descent data on schemes
two
In this Section we reformulate the standard definitions of covering data and descent
data on schemes (these standard definitions can be found, for example, in [BLR,
Chapter 6]). We focus on schemes, but similar considerations apply to quasi-coherent
modules.
Let f : S ′ → S be a morphism of schemes, set S ′′ = S ′×S S
′ and let pi : S
′′ → S ′
(i = 1, 2) be the canonical projection onto the i-th factor. Then the following
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diagram is cartesian
can (2.1) S ′′
p1
//
p2

S ′
f

S ′
f
//S.
Further, set S ′′′ = S ′×S S
′×S S
′ and let pjk : S
′′′ → S ′′ be given (set-theoretically)
by (s1, s2, s3) 7→ (sj, sk), where (j, k) = (1, 2), (1, 3) or (2, 3). Note that
p1 ◦ p12 = p1 ◦ p13eqs1 (2.2)
p1 ◦ p23 = p2 ◦ p12eqs2 (2.3)
p2 ◦ p23 = p2 ◦ p13,eqs3 (2.4)
where the first (respectively, second, third) common composition S ′′′ → S ′ is the
projection onto the first (respectively, second, third) factor.
If π : X → S ′ is an S ′-scheme and i = 1 or 2, we will write p∗iX = X×S′, piS
′′ and
regard it as an S ′′-scheme via p∗i (π). Further, we will write p i,X = ( pi)X : p
∗
iX →
X . The S ′′′-schemes p∗jkp
∗
iX (with structural morphisms p
∗
jkp
∗
i (π)) and morphisms
pjk,p∗iX : p
∗
jkp
∗
iX → p
∗
iX are defined similarly. The equalities (2.2)-(2.4) induce var-
ious identifications among these objects. For example, by (2.4),
id0 (2.5) p23, p∗
2
X = p13, p∗
2
X .
Recall that a covering datum on X relative to f is an isomorphism of S ′′-schemes
p∗1X ≃ p
∗
2X .
Set X ′′ = p∗1X and let ϕ : X
′′ ∼→ p∗2X be a covering datum on X . In particular,
p∗1(π) = p
∗
2(π) ◦ ϕ. Define
q1 = p1,Xq1 (2.6)
q2 = p2,X ◦ ϕ.q2 (2.7)
Then the following diagram, which is an instance of diagram (1.3), is cartesian for
i = 1 and 2:
cart (2.8) X ′′
qi
//
p∗
1
(π)

X
π

S ′′
pi
//S ′.
Conversely, assume that there exist cartesian diagrams of the form (2.8) such that
(2.6) holds. Then there exist unique morphisms ϕ : X ′′ → p∗2X and ψ : p
∗
2X → X
′′
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such that the following diagrams commute:
X ′′
ϕ
""❊
❊❊
❊❊
❊❊
❊❊
q2
$$
p∗
1
(π)
&&
p∗2X
p∗
2
(π)

p2,X
// X
π

S ′′
p2
// S ′
and
p∗2X
ψ ""❊
❊❊
❊❊
❊❊
p2,X
%%
p∗
2
(π)
&&
X ′′
p∗
1
(π)

q2
// X
π

S ′′
p2
// S ′.
Since the diagrams
p∗2X
ϕ◦ψ
""❊
❊❊
❊❊
❊❊
❊
p2,X
%%
p∗
2
(π)
&&
p∗2X
p∗
2
(π)

p2,X
// X
π

S ′′
p2
// S ′
and
X ′′
ψ◦ϕ ""❉
❉❉
❉❉
❉❉
❉ q2
$$
p∗
1
(π)
&&
X ′′
p∗
1
(π)

q2
// X
π

S ′′
p2
// S ′
commute, ϕ ◦ ψ (respectively, ψ ◦ ϕ) is the identity morphism of p∗2X (respectively,
X ′′ ). Thus we obtain an S ′′-isomorphism ϕ : X ′′
∼
→ p∗2X (i.e., a covering datum on
X relative to f ) such that (2.7) holds.
We conclude that to give a covering datum on X relative to f is equivalent to
giving a pair of cartesian diagrams (2.8) such that (2.6) holds.
Now let ϕ : X ′′
∼
→ p∗2X again be a covering datum on X relative to f and define q1
and q2 by (2.6) and (2.7), respectively. Further, write X
′′′ = p∗12p
∗
1X = p
∗
13p
∗
1X (2.2)
and note that p∗12p
∗
2X = p
∗
23X
′′ (2.3). Then we may discuss the S ′′′-isomorphism
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p∗12ϕ : X
′′′ ∼→ p∗23X
′′ in analogy to the foregoing discussion of the S ′′-isomorphism
ϕ : X ′′
∼
→ p∗2X . Thus we define
q12 = p12,X′′q12 (2.9)
q13 = p13,X′′q13 (2.10)
q23 = p23,X′′ ◦ p
∗
12ϕ.q23 (2.11)
Since p∗12p
∗
1(π) = p
∗
13p
∗
1(π) = p
∗
12p
∗
2(π)◦p
∗
12ϕ = p
∗
23p
∗
1(π)◦p
∗
12ϕ, the following diagram
is cartesian for (j, k) = (1, 2), (1, 3) and (2, 3) as an instance of diagram (1.3):
X ′′′
qjk
//
p∗
12
p∗
1
(π)

X ′′
p∗
1
(π)

S ′′′
pjk
//S ′′.
Now, by the commutativity of
pain (2.12) p∗jkX
′′
pjk,X′′
//
p∗
jk
ϕ ∼

X ′′
ϕ∼

p∗jkp
∗
2X
pjk,p∗
2
X
//p∗2X
and the equalities (2.6), (2.7), (2.9), (2.10) and (2.11), we have
q1 ◦ q12 = q1 ◦ q13eq1 (2.13)
q1 ◦ q23 = q2 ◦ q12.eq2 (2.14)
Assume now that ϕ is, in fact, a descent datum on X relative to f , i.e., the following
diagram of isomorphisms of S ′′′-schemes, where the equalities are induced by (2.2),
(2.3) and (2.4), commutes:
coc (2.15) p∗12p
∗
1X = p
∗
13p
∗
1X
p∗
13
ϕ
∼
//
p∗
12
ϕ
∼
**❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚
p∗23p
∗
2X = p
∗
13p
∗
2X
p∗12p
∗
2X = p
∗
23p
∗
1X .
p∗
23
ϕ
∼
44❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
Then
eq3 (2.16) q2 ◦ q23 = q2 ◦ q13.
Indeed, by (2.5), (2.7), (2.10), (2.11), (2.12) and (2.15), we have
q2 ◦ q23 = p2,X ◦ (ϕ ◦ p23,X′′) ◦ p
∗
12ϕ = p2,X ◦ (p23,p∗2X ◦ p
∗
23ϕ) ◦ p
∗
12ϕ
= p2,X ◦ (p13, p∗
2
X ◦ p
∗
13ϕ) = p2,X ◦ ϕ ◦ p13,X′′ = q2 ◦ q13.
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Thus we obtain six commutative diagrams
mcart (2.17) X ′′′
qjk
//
p∗
12
p∗
1
(π)

X ′′
qi
//
p∗
1
(π)

X
π

S ′′′
pjk
//S ′′
pi
//S ′ ,
where i = 1 or 2, (j, k) = (1, 2), (1, 3) or (2, 3), the squares are cartesian, equations
(2.6), (2.7), (2.9), (2.10) and (2.11) hold (where ϕ is the covering datum on X de-
termined by the right-hand square in (2.17) for i = 2) and the various top horizontal
compositions satisfy the relations (2.13), (2.14) and (2.16).
Conversely, assume that there exist commutative diagrams of the form (2.17)
with cartesian squares such that (2.6), (2.7) (where ϕ is the covering datum on X
determined by the right-hand square in (2.17) for i = 2), (2.9), (2.10), (2.14) and
(2.16) hold. Then (2.13) also holds since it follows from (2.2), (2.6), (2.9) and (2.10).
We will show that (2.11) holds as well and that diagram (2.15) commutes, i.e., ϕ is
a descent datum on X relative to f .
By (2.7), (2.9) and the commutativity of (2.12), the following diagram commutes
X ′′′
p∗
12
ϕ $$■
■■
■■
■■
■■
■ ϕ◦q12
''
p∗
12
p∗
1
(π)
++
q2 ◦q12
&&
p∗12p
∗
2X
p∗
12
p∗
2
(π)

p
12, p∗
2
X
// p∗2X
p2,X
//
p∗
2
(π)

X
π

S ′′′
p12
// S ′′
p2
// S ′.
Further, p∗12ϕ is the unique morphism such that p2,X ◦ p12, p∗2X ◦ p
∗
12ϕ = q2 ◦ q12.
Similarly, there exists an S ′′′-isomorphism g : X ′′′
∼
→ p∗23X
′′ = p∗12p
∗
2X such that the
following diagram commutes
X ′′′
g
##●
●●
●●
●●
●● q23
&&
p∗
12
p∗
1
(π)
**
q1 ◦q23
&&
p∗23X
′′
p∗
23
p∗
1
(π)

p
23,X ′′
// X ′′
p1,X
//
p∗
1
(π)

X
π

S ′′′
p23
// S ′′
p1
// S ′,
where we have used (2.6). Moreover, g is the unique morphism that satisfies the
identity p1,X ◦ p23,X ′′ ◦ g = q1 ◦ q23. Now (2.3), (2.14) and the preceding uniqueness
statements imply that g = p∗12ϕ, whence q23 = p23,X′′ ◦ p
∗
12ϕ, i.e., (2.11) holds.
Finally, the diagram with cartesian square (where the equalities come from (2.4)
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and (2.16))
X ′′′
h
''PP
PP
PP
PP
PP
PP
P
q2 ◦q23=q2 ◦q13
((
p∗
12
p∗
1
(π)
,,
p∗23p
∗
2X = p
∗
13p
∗
2X
p∗
23
p∗
2
(π)=p∗
13
p∗
2
(π)

(p2 ◦p23)X=(p2 ◦p13)X
// X
π

S ′′′
p2 ◦p23=p2 ◦p13
// S ′
commutes for h = p∗23ϕ ◦ p
∗
12ϕ and h = p
∗
13ϕ. Indeed, since (2.12) commutes and
(2.7), (2.10) and (2.11) hold, we have
(p2 ◦ p23)X ◦ p
∗
23ϕ ◦ p
∗
12ϕ = p2,X ◦ ϕ ◦ p23,X′′ ◦ p
∗
12ϕ = q2 ◦ q23
and
(p2 ◦ p13)X ◦ p
∗
13ϕ = p2,X ◦ ϕ ◦ p13,X′′ = q2 ◦ q13.
Thus p∗23ϕ ◦ p
∗
12ϕ = p
∗
13ϕ, i.e., the cocycle condition (2.15) is satisfied.
We conclude that to give a descent datum on X relative to f is equivalent to
giving six commutative diagrams of the form (2.17) consisting of cartesian squares
such that (2.6), (2.7) (where ϕ is the covering datum on X determined by the
right-hand square in (2.17) for i = 2), (2.9), (2.10), (2.14) and (2.16) hold.
To conclude this Section, we observe that, if Y is an S-scheme, then the S ′-scheme
Y ′ = f ∗Y = Y ×S S
′ is endowed with a canonical descent datum cY : p
∗
1Y
′ ∼→ p∗2Y
′,
namely the composite S ′′-isomorphism
p∗1Y
′ = p∗1f
∗Y ≃ (f ◦ p1)
∗(Y ) = (f ◦ p2)
∗(Y ) ≃ p∗2Y
′,
where the second equality holds by the commutativity of (2.1). Set-theoretically,
cY can be described by the formula
cy (2.18) cY(y, s
′, s′, t′) = (y, t′, s′, t′),
where (y,−) ∈ Y ′ and (s′, t′) ∈ S ′′.
3. Galois descent of schemes
3
In this Section we use the developments of the previous Section to discuss Galois
descent of schemes. Compare with [BLR, §6.2, Example B, pp. 139-140].
Recall that a morphism of schemes f : S ′ → S is said to be finite and locally free
if f is affine and f∗OS′ is a finite and locally free OS-module. Equivalently, f is
finite, flat and locally of finite presentation.
Let f : S ′ → S be a finite, surjective and locally free morphism (in particular,
f is faithfully flat and quasi-compact) and let Γ be a subgroup of Aut(S ′/S). If
X is an S-scheme, an action of Γ on X over S (via automorphisms) is a group
homomorphism ρ : Γ → Aut(X/S ).
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For every scheme X , set Γ × X =
∐
σ∈Γ X . Then ρ induces an action of the
S-group scheme Γ ×S on X over S, i.e., an S-morphism (Γ ×S)×SX → X subject
to well-known conditions. We will henceforth identify (Γ × S)×S X and Γ ×X so
that the preceding morphism will be written as Γ ×X → X . Now set
b =
∐
σ∈Γ
1S′ : Γ × S
′ → S ′, (σ, s′ ) 7→ s′.
We will regard Γ × S ′ as an S-scheme via f ◦ b (whence b is an S-morphism). The
canonical action of Γ on S ′ over S, i.e., the S-morphism
∐
σ∈Γ σ :
∐
σ∈Γ S
′ → S ′
will be written as
a (3.1) a : Γ × S ′ → S ′, (σ, s′ ) 7→ σs′.
We now assume that f is a Galois covering with Galois group Γ , i.e., the morphism
of S-schemes
gal (3.2) ϑ = (b, a)S : Γ × S
′ → S ′′, (σ, s′ ) 7→ (s′, σs′),
is an isomorphism.
For example, if K/k is a finite Galois extension of fields with Galois group Γ ,
then the canonical morphism f : SpecK → Spec k is a Galois covering. In effect,
in this case ϑ (3.2) is the isomorphism of k-schemes induced by the isomorphism of
k-algebras K ⊗k K
∼
→
∏
σ∈Γ K, x⊗ y 7→
∏
σ∈Γ xσ(y).
Clearly, the following diagrams commute
gal3 (3.3) Γ × S ′
ϑ
∼
//
b
##●
●●
●●
●●
●●
S ′′
p1
~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
S ′
and
gal2 (3.4) Γ × S ′
ϑ
∼
//
a
$$❍
❍❍
❍❍
❍❍
❍❍
S ′′
p2
}}④④
④④
④④
④④
S ′ .
Further, since (3.2) is an isomorphism, the morphism of S-schemes
galt (3.5) ̺ : Γ × Γ × S ′ → S ′′′, (σ, τ, s′ ) 7→ (s′, τs′, (στ)s′ ),
is an isomorphism as well.
We now define S-morphisms p˜jk : Γ × Γ × S
′ → Γ × S ′ by the formulas
p˜12(σ, τ, s
′) = (τ, s′),pjk1 (3.6)
p˜13(σ, τ, s
′) = (στ, s′),pjk2 (3.7)
p˜23(σ, τ, s
′) = (σ, τs′ ).pjk3 (3.8)
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Then the following diagram commutes for (j, k) = (1, 2), (1, 3) and (2, 3):
comm (3.9) Γ × Γ × S ′
̺
∼
//
p˜jk

S ′′′
pjk

Γ × S ′
ϑ
∼
//S ′′
Let π : X → S ′ be an S ′-scheme and recall the schemes X ′′ = p∗1X = X×π,S′, p1S
′′
and X ′′′ = p∗12p
∗
1X = p
∗
13p
∗
1X . We will make the identifications
Γ ×X = X ×S′, b (Γ × S
′) = b∗X
1Γ × π = b
∗(π) = ϑ∗(p∗1(π)) (see (3.3))
Γ × Γ ×X = (b ◦ p˜12 )
∗X = (b ◦ p˜13 )
∗X
1Γ × 1Γ × π = (b ◦ p˜12 )
∗(π) = p˜ ∗12(ϑ
∗p∗1(π)) = ̺
∗(p∗12p
∗
1(π)) (see (3.9)).
Via the above identifications, ϑ and ̺ induce isomorphisms
galp (3.10) ϑX′′ : Γ ×X
∼
→ X ′′, (σ, x) 7→ (x, π(x), σπ(x)),
and
galp2 (3.11) ̺X′′′ : Γ × Γ ×X
∼
→ X ′′′, (σ, τ, x) 7→ (x, π(x), τπ(x), (στ)π(x)),
where we have used the commutativity of (3.3) and (3.9) to obtain the indicated
set-theoretic formulas.
Now let ρ : Γ → Aut(X/S) be an action of Γ on X over S which is compatible
with the canonical action of Γ on S ′ over S, i.e., if Γ ×X → X is the S-morphism
induced by ρ, then the following diagram of S-morphisms commutes
act2 (3.12) Γ ×X //
1Γ×π

X
π

Γ × S ′
a
//S ′ ,
where a is given by (3.1). We will show that ρ defines a descent datum on X relative
to f by constructing a diagram of the form (2.17) with cartesian squares such that
(2.6), (2.7) (where ϕ is the covering datum on X determined by the right-hand
square in (2.17) for i = 2), (2.9), (2.10), (2.14) and (2.16) hold (see the previous
Section).
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We begin by noting that (3.12) may be written as
act2.1 (3.13)
∐
σ∈Γ
X
∐
ρ(σ)
//
∐
π

X
π
∐
σ∈Γ
S ′
∐
σ
//S ′.
Now since
srho (3.14) X
ρ(σ)
∼
//
π

X
π

S ′
σ
∼
//S ′
is cartesian for every σ ∈ Γ , Lemma (1.1) shows that the equivalent diagrams (3.12)
and (3.13) are cartesian as well. We now observe that, if
q2a (3.15) q2 =
(∐
ρ(σ)
)
◦ ϑ−1X′′ ,
then the cartesian square (3.12) decomposes as
twin (3.16) Γ ×X
ϑX′′
∼
//
∐
ρ(σ)
&&
1Γ×π=ϑ
∗(p∗
1
(π))

X ′′
q2
//
p∗
1
(π)

X
π

Γ × S ′
ϑ
∼
//
a
55S
′′
p2
// S ′,
where the lower part of the diagram commutes by the commutativity of (3.4). We
conclude that the right-hand square in (3.16) is cartesian. Thus, setting q1 = p1,X
(whence (2.6) holds), there exist cartesian diagrams for i = 1 and 2
X ′′
qi
//
p∗
1
(π)

X
π

S ′′
pi
//S ′ ,
that define a covering datum ϕ : X ′′
∼
→ p∗2X on X relative to f such that (2.7) holds.
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Now let q˜jk : Γ × Γ ×X → Γ ×X be given by the formulas
q˜12(σ, τ, x) = (τ, x),pt1 (3.17)
q˜13(σ, τ, x) = (στ, x),pt2 (3.18)
q˜23(σ, τ, x) = (σ, ρ(τ)x).pt3 (3.19)
Then (2.6), (3.10), (3.17) and (3.19) yield
once (3.20) q1 ◦ ϑX′′ ◦ q˜23 =
(∐
ρ(σ)
)
◦ q˜12.
Further, since ρ(σ)(ρ(τ)x) = ρ(στ)x for all (σ, τ, x) ∈ Γ × Γ ×X , we have
rnice (3.21)
(∐
ρ(σ)
)
◦ q˜23 =
(∐
ρ(σ)
)
◦ q˜13.
Define
qjk = ϑX′′ ◦ q˜jk ◦ ̺
−1
X′′′ .
Then (2.14) and (2.16) follow at once from (3.15). (3.20) and (3.21). Further, since
q˜jk = p˜jk,Γ×X for (j, k) = (1, 2) and (1, 3), the commutativity of (3.9) shows that
qjk = pjk,X′′ for such (j, k), i.e., (2.9) and (2.10) hold. Next, the diagram
qt (3.22) Γ × Γ ×X
q˜jk
//
1Γ×1Γ×π

Γ ×X
1Γ×π

Γ × S ′
p˜jk
//S ′
is cartesian for (j, k) = (1, 2), (1, 3) and (2, 3). This is clear if (j, k) = (1, 2) or
(1, 3). If (j, k) = (2, 3), then (3.22) is cartesian because (3.12) is cartesian. Now
(3.22) decomposes as
twin2 (3.23) Γ × Γ ×X
̺X′′′
∼
//
q˜jk
''
1Γ×1Γ×π= ̺
∗(p∗
12
p∗
1
(π))

X ′′′
qjk
//
p∗
12
p∗
1
(π)

X ′′
ϑ−1
X′′
∼
//
p∗
1
(π)

Γ ×X
1Γ×π

Γ × Γ × S ′
̺
∼
//
p˜jk
33S
′′′
pjk
// S ′′
ϑ−1
∼
// Γ × S ′ ,
where the bottom part of the diagram commutes by the commutativity of (3.9).
Consequently, the central square above is cartesian. Thus we obtain the desired
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commutative diagrams with cartesian squares
X ′′′
qjk
//
p∗
12
p∗
1
(π)

X ′′
qi
//
p∗
1
(π)

X
π

S ′′′
pjk
//S ′′
pi
//S ′.
such that (2.6), (2.7), (2.9), (2.10), (2.14) and (2.16) hold.
The descent datum ϕ : X ′′
∼
→ p∗2X on X relative to f thus associated to ρ may
be described (set-theoretically) as follows. By (2.7) and (3.15), we have
for (3.24)
∐
ρ(σ) = p2,X ◦ ϕ ◦ϑX′′ .
It then follows that ϕ is given by the formula
ϕ(x, π(x), s ′) = (ρ(σ)x, π(x), s ′),
where σ is the unique element of Γ such that s ′ = σπ(x).
tact Example 3.1. Let Y be an S-scheme. Then Y ′ = Y ×S S
′ is canonically endowed
with an action of Γ over S that is compatible with a, namely
∐
(1Y×S σ) : Γ ×Y
′ →
Y ′. The associated descent datum on Y ′ (relative to f ) is the isomorphism of
S ′′-schemes cY : p
∗
1Y
′ ∼→ p∗2Y
′ (2.18).
4. Galois descent of morphisms
4
We keep the notation and hypotheses of the previous Section. In this Section we
generalize the standard result [J, Proposition 2.8] on the Galois descent of morphisms
of k-schemes, where k is a field, to an arbitrary base scheme S.
For i = 1 or 2, let πi : Xi → S
′ be an S ′-scheme equipped with an action ρ i : Γ →
Aut(Xi/S) that is compatible with the canonical action of Γ on S
′ over S. If
δ : X1 → X2 is an S
′-morphism, i.e., π2 ◦ δ = π1, then the commutativity of (3.14)
(for both ρ1 and ρ2) shows that ρ2(σ) ◦ δ ◦ ρ1(σ)
−1 : X1 → X2 is a morphism of
S ′-schemes for every σ ∈ Γ . Thus we may define a left action of Γ on the set
HomS′(X1, X2) by
act3 (4.1) Γ × HomS′(X1, X2)→ HomS′(X1, X2), (σ, δ) 7→ ρ2(σ) ◦ δ ◦ ρ1(σ)
−1.
Now, for i = 1 and 2, let ϕi : p
∗
1Xi
∼
→ p∗2Xi be the descent datum on Xi associated
to ρ i in the previous Section. Note that p
∗
2(π i) ◦ ϕ i = p
∗
1(πi) for i = 1 and 2.
Proposition 4.1. Let δ ∈ HomS′(X1, X2). Then δ is invariant under the action of
Γ if, and only if, the diagram
poq (4.2) p∗1X1
ϕ1
∼
//
p∗
1
(δ)

p∗2X1
p∗
2
(δ)

p∗1X2
ϕ2
∼
//p∗2X2
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commutes.
Proof. By the definition (4.1), we need to show that (4.2) commutes if, and only if,
geq (4.3) Γ ×X1
∐
ρ1(σ)
//
1Γ×δ

X1
δ

Γ ×X2
∐
ρ2(σ)
//X2
commutes. By (3.24) applied to both ρ1 and ρ2, the preceding diagram decomposes
as
geq2 (4.4) Γ ×X1
ϑp∗
1
X1
∼
//
1Γ×δ=ϑ
∗
p∗
1
X2
(p∗
1
(δ))

p∗1X1
ϕ1
∼
//
p∗
1
(δ)

p∗2X1
p2,X1
//
p∗
2
(δ)

X1
δ

Γ ×X2
ϑp∗
1
X2
∼
// p∗1X2
ϕ2
∼
// p∗2X2
p2,X2
// X2 ,
where the left-hand and right-hand squares commute. Thus, if (4.2) commutes, then
(4.3) commutes as well. Conversely, assume that (4.3), i.e., the outer diagram in
(4.4), commutes. To show that (4.2) commutes, it suffices to check that the diagram
with cartesian square
kart (4.5) p∗1X1
h
##●
●●
●●
●●
●●
p2,X2 ◦ϕ2 ◦p
∗
1
(δ)
!!
p∗
2
(π2)◦ϕ2 ◦p∗1(δ)
))
p∗2X2
p∗
2
(π2)

p2,X2
// X2
π2

S ′′
p2
// S ′ ,
commutes for h = ϕ2 ◦ p
∗
1(δ) and h = p
∗
2(δ) ◦ ϕ1. The above diagram clearly
commutes if h = ϕ2 ◦ p
∗
1(δ). Now, since ϑp∗1X1 is an isomorphim and the outer
diagram and left-hand square in (4.4) commute, we have p2,X2 ◦ p
∗
2(δ) ◦ϕ1 = p2,X2 ◦
ϕ2 ◦ p
∗
1(δ), i.e., the top triangle of diagram (4.5) commutes when h = p
∗
2(δ) ◦ ϕ1.
The commutativity of the lower triangle in (4.5) when h = p∗2(δ)◦ϕ1 can be checked
using the identities π2 ◦ δ = π1 and p
∗
2(π i) ◦ ϕ i = p
∗
1(πi) (i = 1 and 2). 
Recall now that the descent datum ϕi : p
∗
1Xi
∼
→ p∗2Xi is said to be effective if there
exist S-schemes Yi and S
′-isomorphisms θi : Xi
∼
→ Y ′i such that the diagram
p∗1Xi
ϕi
∼
//
p∗
1
(θi) ∼

p∗2Xi
p∗
2
(θi)∼

p∗1Y
′
i
cYi
∼
//p∗2Y
′
i .
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commutes. If this is the case, then we say that Xi descends to Yi (or to S ). By
[SGA1, VIII, Corollary 7.6], Xi descends to S if πi : Xi → S
′ is quasi-projective.
Corollary 4.2. Assume that, for i = 1 and 2, Xi descends to Yi and let θi : Xi
∼
→
Y ′i be the corresponding isomorphism of S
′-schemes. Let δ : X1 → X2 be an S
′-
morphism and define ε : Y ′1 → Y
′
2 by the commutativity of the diagram
X1
δ
//
θ1 ∼

X2
θ2∼

Y ′1
ε
//Y ′2 .
Then ε = ψ ×S S
′ for some S-morphism ψ : Y1 → Y2, if, and only if, ε is invariant
under Γ (4.1), i.e., for every σ ∈ Γ , the diagram
Y ′1
1Y1×σ
//
ε

Y ′1
ε

Y ′2
1Y2×σ
//Y ′2
commutes.
Proof. By [SGA1, Theorem 5.2 and comment after the statement], ε = ψ ×S S
′ for
some S-morphism ψ : Y1 → Y2, if, and only if, the diagram (which is an instance of
(4.2))
ppf2 (4.6) p∗1Y
′
1
cY1
∼
//
p∗
1
(ε)

p∗2Y
′
1
p∗
2
(ε)

p∗1Y
′
2
cY2
∼
//p∗2Y
′
2
commutes (see the next remark). By the proposition, the latter is the case if, and
only if, ε is invariant under the action of Γ . 
Remark 4.3. In [SGA1, Theorem 5.2 and comment after the statement], the schemes
p∗1Y
′
i and p
∗
2Y
′
i have been identified via cYi. Thus the condition in [loc.cit.] that p
∗
1(ε)
and p∗2(ε) be equal is indeed equivalent to the commutativity of diagram (4.6).
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